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CLOSED SUBSETS OF THE WEYL ALCOVE AND 

TQFTS 

STEPHEN F. SAWIN 


Abstract. For an arbitrary simple Lie algebra g and an arbi¬ 
trary root of unity q, the closed subsets of the Weyl alcove of the 
quantum group Uq{g) are classified. Here a closed subset is a set 
such that if any two weights in the Weyl alcove are in the set, 
so is any weight in the Weyl alcove which corresponds to an irre¬ 
ducible summand of the tensor product of a pair of representations 
with highest weights the two original weights. The ribbon category 
associated to each closed subset admits a “quotient” by a trivial 
subcategory as described by Bruguieres {[ 2 ]) and Miiger ( 13 ), to 
give a modular category and a framed three-manifold invariant or 
a spin modular category and a spin three-manifold invariant (lEl)- 
Most of these theories are equivalent to theories defined in (iniiini), 
but several exceptional cases represent the first nontrivial examples 
to the author’s knowledge of theories which contain noninvertible 
trivial objects, making the theory much richer and more complex. 


Introduction 

Quantum groups, i.e. quantized universal enveloping algebras of sim¬ 
ple Lie algebras, together with their representation theory have been 
the subject of much fruitful investigation, and are of interest from many 
perspectives, but one particularly important application is to link and 
three-manifold invariants. The general setting is that these quantum 
groups are ribbon Hopf algebras, and hence their representation the¬ 
ory forms a ribbon category, from which one can construct an invariant 
of links and more generally labeled graphs embedded in with sim¬ 
ilar properties to the original Jones polynomial. When the complex 
parameter q on which these algebras depend is a root of unity, their 
representation theory satishes the more restrictive requirements of a 
modular category, from which one can construct a three-manifold in¬ 
variant which satishes Atiyah’s axioms for topological quantum held 
theory. More specihcally, the set of representations spanned by the 
subset of the irreducible representations in the Weyl alcove, with the 
ordinary tensor product of representations replaced by the truncated 
tensor product, forms a modular category. 
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Any subset of the Weyl alcove which spans a set of representations 
closed under both duality and the truncated tensor product determines 
a new ribbon category which is a full subcategory of the original. Of 
course this subcategory encodes only a subset of the link information of 
the original theory, and on this basis does not seem of interest. How¬ 
ever, if this ribbon subcategory happens to be modular, there is no 
reason to think that the resulting three-manifold invariant is deter¬ 
mined by the original three-manifold invariant, and in fact it is not 
apparent that it has any connection with the original. Thus hnding 
closed subsets of the Weyl alcove which are modular is an important 
question. 

In fact, the modularity requirement can be relaxed quite a bit. Miiger 
| 7 ] and Bruguieres | 2 ] have shown that under favorable circumstances 
which hold for the quantum group examples (e.g., the existence of a 
unitary structure) a ribbon category admits a kind of quotient which 
yields a modular category in the absence of a certain easily identihable 
obstruction. In fact, even in the presence of this obstruction eg a 
similar process yields an invariant of spin three-manifolds. Thus a 
classiheation of the closed subsets of the Weyl alcove, together with an 
identiheation of the quotient and when the quotient yields a modular 
category, would give a complete summary of the invariants of three- 
manifolds which can be constructed out of the Weyl alcove in this 
fashion. The present article classihes the closed subsets of the Weyl 
alcove and describes the sub category of so called degenerate objects by 
which one quotients. 

A second reason for considering the closed subsets of the Weyl alcove 
is that they might plausibly correspond to quotients of the quantum 
group, or at least of a subalgebra. In fact in the classical case the 
closed subsets of the Weyl chamber correspond exactly to quotients of 
the simply-connected groups by a subgroup of the center: i.e., there is a 
one-to-one correspondence between closed subsets of the Weyl chamber 
on the one hand and Lie groups with the given Lie algebra on the 
other. Thus quotients associated to closed subsets of the Weyl alcove, 
if they exist, might be viewed as quantum analogues of the nonsimply- 
connected groups. 

Finally, in the course of the classiheation we shall construct some 
unexpected theories at level k = 2. Some of these theories (associated 
to the quantum group of type Bn and Dn) appear to give new invariants 
and admit skein relations that suggest we might be able to compute for 
these theories much of what can be computed in the SU(2) (i.e., Ai) 
theory. Nevertheless, these theories exhibit novel behavior (specihcally. 
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the subcategory of degenerate objects is the representation category of 
a nonabelian group) worthy of further study. 

The analysis of the closed subsets of the Weyl alcove was begun 
by the author in p. There closed subsets which correspond precisely 
to the classical closed subsets, i.e. to nonsimply-connected Lie groups, 
were found and their invariants identihed. These subsets correspond to 
Chern-Simons theories for nonsimply-connected Lie groups conjectured 
by Dijkgraaf and Witten p. A second collection of closed subsets was 
also identified and classified there. These subsets, associated with cer¬ 
tain corners of the Weyl alcove, formed very simple ribbon categories 
(in fact the category associated to the group algebra of an abelian 
group, with a mildly deformed i?-matrix) and manifold invariants de¬ 
pending only on homology which had been studied by Murakami, Oht- 
suki and Okada jH]. The present article completes the identihcation of 
the closed subsets of the Weyl alcove, demonstrating that the closed 
subsets given above are the only ones except for certain special cases 
at level k = 2. 

The paper is organized as follows. Section 1 introduces the needed 
facts about Lie algebras, quantum groups and the truncated tensor 
product, which can all be found in Humphreys j3], Kirillov jHj, Kassel 
P, Turaev HP and p. Sections 2 and 3 give the classification of the 
closed subsets, and Section 4 identihes when the quotient is modular 
and what the resulting invariant is for the exceptional cases not dis¬ 
cussed in p. Finally Section 5 shows that the closure under duality 
condition on closed subsets is implied by the closure under tensor prod¬ 
ucts. This observation is fairly independent of the rest of the paper, but 
is a natural question. In particular it is of great relevance when using 
skein theory and cabling to explore link and three-manifold invariants 
(for example work of Turaev and Wenzl H21 and of Wenzl [Tl] i. 

Acknowledgments. I would like to thank 1. Frenkel and A. Liakhovskaia 
for helpful conversations and suggestions. 

1. Quantum Groups and the Weyl Alcove 

Let g be a simple Lie algebra and let {ai}i<r be the simple roots of 
g. The weight lattice A is spanned by the fundamental weights {Aj}j<r 
given by {Xuaj) = 6ij{ai,ai)/2. 

The Weyl group is denoted by 21J, and the set of weights in the 
fundamental Weyl chamber is called A"*" (we will loosely refer to this 
set itself as the Weyl chamber). Half the sum of the positive roots is 
called p, the unique short root in the Weyl chamber is called /3, and the 
unique long root in the Weyl chamber is called 6 (in the simply-laced 
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case either will refer to the unique root in the Weyl alcove). The root 
6 is the highest weight of the adjoint representation of g. The dual 
Coxeter number h is defined to be (p, 6^) + 1, the value of the quadratic 
Casimir on the adjoint representation. 

Let q = , for some natural number k. Recall that there 

is an irreducible representation Vx of the quantum group Uq{Q) for 
each weight A in the Weyl alcove Aq, he., weights A G A+ such that 
(A, 0) < k. Kirillov [H] shows that the category of representations of 
the quantum group which are a direct sum of representations in the 
Weyl alcove forms a semisimple ribbon ^-category if the ordinary ten¬ 
sor product is replaced by the truncated tensor product, 0, which is the 
maximal subspace of the ordinary tensor product isomorphic to a direct 
sum of representations in the Weyl alcove. Kirillov’s q is normalized a 
bit differently from what we use here, which follows the conventions of 
P, but the previous sentence is the essential thing we take from Kir¬ 
illov, and determines the normalization. The truncated tensor product 
operation on the lattice of isomorphism classes of representations in 
the category (with direct sum as addition) forms a commutative, dis¬ 
tributive, associative multiplication with the trivial representation Vq 
acting as identity, determined by 

( 1 ) = 0 Nl^ 0 V„ 

»?gAo 

where are nonnegative integers and N Q V indicates the direct 
sum of N copies of the representation V. The author (CH) gives the 
following formula for these numbers (generalizing a result of Andersen 
and Paradowski (P)) 

(2) /VT= 

ctGWo 

where m\{p) is the dimension of the /i weight space inside the classical 
representation of highest weight A and SHo is the quantum Weyl group, 
which is generated by reflection about the hyperplanes {x\{x + p, «*) = 
0} for each simple root a, together with {a;|(a;, 6) = k + 1}. Also 

(3) Cx = 

and qdim(A) > 0, where qdim(A) is the invariant of the unknot and Cx 
is the factor a full twist applies to the link invariant. 

For simplicity, since we will only ever need to consider representa¬ 
tions up to isomorphism, we will confuse the (isomorphism class of 
the) representation Vx with the weight A, for example writing A ®7 = 
®ri^X'y ® 'd- Caution should be used with the operations © and 0, 
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because the weights are elements of the weight lattice and therefore 
admit a lattice addition and scalar multiplication denoted by A + 7 and 
nA, respectively, which we will also make frequent use of. Note that 
A + 7 7 ^ A © 7 , and nA 7 ^ n 0 A. In particular, 0 is the additive identity 
in the lattice, but is the multiplicative identity for ©. We hope that 
the brevity of the notation outweighs this modest awkwardness. 

The following theorem is proven in [5]. 

Theorem 0. There is an injection i from Z{G), the center of the sim¬ 
ply connected Lie group with Lie algebra g, to the fundamental weights 
of the Weyl alcove such that z acts on the classical representation 14^ 
as exp(27ri(7, £(z))) ■ id..,,. The fundamental weights Aj in the image of 
£ are exactly those for which (A*, 9) = 1 and the associated root oii is 
long, and are also exactly those for which there is a unigue element 
Ti of the classical Weyl group sending the standard base to the base 
{c(j}j^i^ {—9}. If we define ^,( 7 ) = then (fi is an isometry 

of the Weyl alcove and of the simplex {A : (A, aj) > 0 and (A, 9) < k} 
and 0 j(A© 7 ) = If we use k also to represent the map on the 

weight lattice which multiplies each weight by the number k, then k£ is 
a homomorphism in the sense that k£{zz') = k£{z) ® k£{z'). Weights 
in the range of k£ can be characterized as extreme points of the sim¬ 
plex {A : (A, ttj) > 0 and (A, 9) < k} such that a neighborhood of the 
weight 0 intersected with the simplex is isometric to a neighborhood of 
the extreme point intersected with the alcove, the isometry being given 
by (pi. 

If Z is a subgroup of Z{G), let Az be the image of Z under k£. The 
subset of the Weyl chamber consisting of weights 7 such that Z acts 
trivially on is the intersection of the Weyl chamber with a sublattice 
of the weight lattice, and its elements are in one-to-one correspondence 
with representations of the Lie group GjZ. The intersection T^ of this 
set with the Weyl alcove may be thought of loosely as the ‘Weyl alcove 
for quantized G/Zf and consists of those weights 7 in the alcove for 
which ( 7 , £( 2 ;)) is an integer for all z e Z. 

A few key facts about the truncated tensor product were proven in 

Q. 

Lemma 1. For any a in the classical Weyl group 211, and any weights 
7 , A in the Weyl alcove, if X cr{'j) is in the Weyl alcove, then A ©7 
contains A + ( 7 ( 7 ) as a summand. 

Lemma 2. A©A'*' contains as a summand 9 if k > 2 and X is not a 
corner (i.e. a multiple of a fundamental weight such that (A, 9) = k). In 
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the nonsimply-laced case it contains as a summand j3 unless (A, «*) = 0 
for every short simple root ai. 

We say a fundamental weight Aj is long or short according to whether 
cxj is long or short. We say a long weight A* is sharp or dull according 
to whether {Xi,0) = 1 or not. Finally, we say that a weight A is a 
long, short, sharp or dull corner if (A, 9 ) = k and it is a multiple of a 
fundamental weight with the corresponding property. Thus for example 
the above lemmas tell us that A ( 8 ) A^ contains 0 or /3 as a summand 
unless A is a dull corner. 


2. Closed Subsets 

Following in], we say that a subset F of the set of representations 
in the Weyl alcove Aq is closed if it is closed under duals (for every 
7 G F, the weight 7 I of the dual representation is in F) and under the 
truncated tensor product (if A ,7 G F then every rj such that 7^ 0, 
i.e. such that rj corresponds to a direct summand of A( 8 ) 7 , is in F). 
We will see in Section |S] that in the quantum groups case the second 
condition implies the first. Such subsets correspond exactly to ribbon 
subcategories, and following Miiger ( 7 ] if they meet a certain easily 
checked condition they admit a quotient which is modular and gives 
a TQFT and three-manifold invariant. The following theorem gives a 
complete classification of closed subsets of the Weyl alcove. The proof 
encompasses this and the next section. 

Theorem 1 . The closed subsets of the Weyl alcove are the following 

(a) For any subgroup Z C Z{G), the setTz- 

(b) For any subgroup Z C Z{G), the set Az- 

(c) For k = 2 , 


(1) 

E-r 

the set {0, Ag}, 



(2) 

E7 

with set {0, A2, 2A7}, 



( 3 ) 

Es 

with set { 0 , Ai}, 



( 4 ) 

Bi 

with set { 0 , 2 Ai, Xj, X2j, ■ 

■ ■ ) A(n 

-1)3/2} where j > 2 and 


21- 

f 1 = nj, 



( 5 ) 

Di 

with set { 0 , 2 Ai, Xj, X2j, ■ ■ 

•) X(ji— 

.i)j,2Xi-i,2Xi} where j > 


2 and 1 = nj, 



(6) 

Di 

with set { 0 , 2 Ai, Xj, X2j, ■ 

■ ■ ) A(n 

-1772} where j > 2 and 


21 : 

= nj for n odd. 




Here A* are the fundamental weights ordered as in We will 
call (l)-(6) the exceptional closed subsets. 

Before embarking on a proof of the theorem, some general discussion 
is in order. Formula o is difficult to use in general, but we will find 
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it suffices for most of our purposes to examine it carefully only when 
one of the factors is 6 or 13. Our strategy will be to show that for 
any A which is not in one of these exceptional cases and not a sharp 
corner(and therefore not in the image of ki) an appropriate tensor 
product of factors of A and A'^ contains 9 or (3. It will be easy to see 
that any closed subset containing 6 or f3 is of the hrst type in the 
theorem. By Lemma |21 6* or /3 is contained in a tensor product of 
copies of A and A^ unless A is a long corner. 

By Lemma n A®/3 will contain as a summand with multiplicity one 
every weight A+a for which a is a root (or a short root in the nonsimply 
laced case) and A + a is in the Weyl alcove. Thus a crucial question is 
this : Given any dull corner A, for which a is A + a in the Weyl alcove? 
Of course if A, + a is in the Weyl alcove for k = {9, A*) (i.e. when A* is 
a corner), then riA* + a is in the Weyl alcove whenever nXi is a corner. 

Below we list for each dull Aj the roots (or in the nonsimply-laced 
case short roots) a such that Aj + a is in the Weyl alcove for k = (A*, 9). 
The labeling of the roots and fundamental weights are as in j^. The 
roots are written out as a sum of simple roots and 9 in such a way that 
each additional simple root has negative inner product with the sum up 
to that point (as can be checked using the Cartan matrix (jl], page 59), 
con&ming recursively that the sum is a root. That the root is short 
in the nonsimply-laced case and that the entire sum has nonnegative 
inner product with each simple root and inner product with 9 less than 
or equal to that of A* can be checked from the Cartan matrix and the 
expansion oi 9 (|1], page 66). 


Bi'. For — 1 . Aj-|- c^i+i + cri+2 3 - ■ ■ ■ 3 - cni, A, — («, - 1 - CTj+i -f- 

■ ■ • + «;)• 

Ci: A; -|- Q!i -|- 02 + ■ ■ ■ + Oi-1, A/ — (oi -|- ■ ■ ■ -1- ai). 

Di'. For 2 < z < I — 2. A* — (oj-i-l-Oj-t-- ■ ■-|-Q!/_2 +oz-i+o/-|-o;_2+' ■ ■+ 
Oii)i Aj-|-aj+i-|-aj+2 + ' ■ ■+ttz-2+tti-i+Q^i+Q^i-2+tti-3 + '' ■+0^1+2 
(for the cases i = I — 2 , and i = I — 3 the last formula should 
read X1-2 + oz-i and Az_3 -f ai-2 + oz-i + cti respectively). 

Eq: A2 + Ol + O3 -|- 04 -|- O5 -|- Og, A2 — 9. A3 -|- Oi, A3 — 9 -\- 0-2 3- 

O4 -F Og -|- Og, A4 -|- Oi O3, A4 -|- Og -|- Og, A4 — 9 3 - O2. Ag -|- Og, 

Ag — 9 0.2 3- O 4 -|- O 3 -|- Oi. 

Ej'. Xi O3 -|- O4 -|- Og -|- Og -|- O7 -|- 02 T + 0 ^ 5 + 0^65 -^1 — -^2 — ^ T 

Q^1 + Q ^3 + <T 4 + <T 5 + <T6 + ® 7 - A3-f-O2 + O4-f-Og-|-Og-f-O7, A3 —0 —Oi. 
A4-t-02, A4-f-Og- 1 -Og-f-O7. Ag-|-Og-f O7, Ag — 0 -|-Oi-|-O3-f O4-f-O2. 
Ag -|- O7, Ag — 0 -|- Oi -f- O3 -F O4 -f Og -f O4 -f- O3. 

E%'. Ai — 9 -\- Og -F O7 -F Og -F Og -F 04 -1- O3 -f- O2 + 04 -F Og -F Og Oti.! 
Xi — (03 F- O4 -f- O2 + Og F- Og -F O7 -F Og -F O4 -F Og -F Og F* 07). 
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A2 — 0 + ttl + 03 + CI4 + 0^5 + 0^6 + CI7 + tt8, A2 — (02 +0:4 + (T3 + (Ti + 

0^5 + Q!6 + O4 + tt3 + Q!5 + tt4 + 02)- A3 + ai, A3 — (tti + Q!3 + 0^4 + 

OI2 + O5 + (T4 + (T3). A4 + (Ti + 0:3, A4 + CX 2 - A5 + Cli + 0:3 + ft4 + (y. 2 i 

A5 — 0 -\- ttg + (T7 + ttg. Ag + (Ti + tt3 + CI4 + (T2; Ag — 0 -\- CXj + ttg. 

A7 + (Ti + ft3 + tt4 + (T 2 + (T5 + (Tg + ft4 + tt3 + (T5 + (T4 + (T 2 , A 7 — 0 + Og. 

Ag -\-9 — (Tg — O7 — Og — O5 — CH4 — CH3 — CH2 — 0!4 — (T5 — Og — CHj — CHg, 

Ag-0. 

1^4: Ai + 02 + Qfg + (T4 + ttg, Ai — (q?! + (T2 + 0^3)- A2 + (T3 + CI4, 

A2 — (a 2 + 03)- 
G^2- A 2 + ttl, A 2 — (ttl + (T2)- 

The first observation to be made from this list is that for each of 
the nonsimply-laced algebras except Bi there is a short root a such 
that 6 ^ + a is in the Weyl alcove for /c > 2 (For Ci 9 = Xi and a = 
«! + Q !2 + ■ ■ ■ + for F 49 = \\ and a = 02 + ttg + Q !4 + as, and 
for G 2 9 = \2 and a = ai). Thus by Formula (j2I) contains a 

contribution from a = 1 since mg{a) = 1. In order for it to contain 
a contribution for some other a, that a would have to be a reflection 
about a short root a* such that {9+a, a*) = 0 and a—a* is long. If a—a* 
is long then (a, a*) = 0. One can easily check by direct computation 
that there is no such a* in any of these case. Therefore 9^9 contains 
9 +a, so 9®9®9 contains {9 + a)®9 which by Lemma ^ contains jS. For 
Bi when k > 2 the same argument applies to 9 + (3. When k = 2 we 
will see below that a power of 9 contains 2A/, which is a short corner 
and hence a higher power contains (3. Thus we conclude that if a closed 
subset of the Weyl alcove contains 0, it also contains (3. 

Lemma 3. If a closed subset of the Weyl alcove contains /?, it is of the 
form Tz for some Z. 

Proof. Consider A in the root lattice and in the Weyl alcove, and choose 
a path in the root lattice connecting A to 0 such that the difference be¬ 
tween successive points in the path is a short root. By reflecting about 
hyperplanes of reflection in the quantum Weyl group we can replace it 
by such a path crossing fewer such hyperplanes, and by induction can 
hnd such a path entirely within the alcove. Then by Lemma Q] A is 
contained in where n is the length of this path. Thus if a closed 
subset contains (3 it contains all of the root lattice A,,. 

If A, 7 are in the Weyl alcove and in the same coset of A/A^, their 
difference is in the root lattice, and thus any closed subset containing 
one of these and (3 contains the other. So any closed subset containing 
/3 is a union of cosets intersected with the Weyl alcove. The tensor 
product of two weights is a nonempty sum (because the quantum di¬ 
mensions are nonzero) and is in the product of their cosets, so the set 
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of cosets making up such a closed subset is a subgroup of A/A^. This 
proves that the closed subset is in the intersection of the preimage of a 
subgroup of A/A^ with the Weyl alcove. By Theorem 101 the map send¬ 
ing G Z(G) to exp(27ri(£(z), ■)) G (A/A^)* is a group isomorphism. 
So such a subgroup is dual to some subgroup Z C Z(G), and the closed 
subset is exactly Tz- □ 

Now if A is a dull corner it is a multiple of one of the weights in the 
chart above. If A* -|-a is in the Weyl alcove for k = (A*, 9), then n\i + a 
is in the Weyl alcove for k = n{Xi,6). So from the chart there are at 
least two elements of the Weyl alcove a short root away from A, except 
if A is a multiple of A 2 for Ej. In this exceptional case A 2/2 — 02 is in 
the Weyl alcove, so there are still at least two elements of the alcove 
a short root away from A except when A = A 2 and k = 2. Thus with 
this exception if A is a dull corner then by Lemma ^ A(8)/3 contains 
two weights. But each of these weights when tensored with (3 contain 
A, so contains A with multiplicity at least 2. Therefore A®A'*' 

contains two weights in j3®j3. Of course one is the trivial weight, so the 
other must be of the form (3 + a for a a short root different from —j3. 
If this (3 + a is not a corner dual to a long root, a tensor power of it 
then contains £3. 


3. Proof of the Theorem 

Proof of Theorem 0 It was shown in that the subsets of the form 
Tz and Az are closed . We will see below that the exceptional cases 
are closed by computing the truncated tensor product completely. So 
we have only to show that every closed subset is of this form. 

We will assume the closed set contains some A not in the image of 
ki, and show it is either the exceptional case or it contains 6 or /3, in 
which case by Lemma 0 it falls into the hrst category. By Lemma 0 we 
may assume A is a corner dual to a long root. 

3.1. If k = 1. There are no dull corners, so there is nothing to prove. 

3.2. If k = 2. Except for A 2 of Ej if A is a corner dual to a long root 
and not in the range of ki then A(8)A^ contains something nontrivial in 
/3®/3, so we may assume that A is a such a corner and A(8)A^ contains 
a summand of the form (3 + a for a a short root. 

• For Ai, there are no dull corners. 

• For Bi, there is nothing to prove if / = 2, so assume I > 2. The 
Weyl alcove consists of A, for i < / and 2Ai and 2A;. By checking 
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which differences among these are short roots and noting \i = (3 
we conclude 


Aj® Ai 


2Az(g)Ai 

2Ai(g)Ai 

2Ai®2Ai 


Aj_i © Ai+i 

0 © 2Ai © A 2 
2Aj © \i -2 

Az 

v ^ 

2Az © Az_i, 

Ai, 

0 . 


for 1 < i < / — 1 
for i = 1 
for i = / — 1 
for i = I, 


From this we conclude recursively 


2Ai©Aj 

2Ai©2Az 


A^©Aj 


Aj for i < I, 
2Az, 



© Aj+j 

for 1 

> i 

> 

j 

and 

i + j 

< 1 

Xi—j 

© 2Az 

for 1 

> i 

> 

j 

and 

i + j 

= 1,1 + 

^i-j 

© A2Z+l-i-j 

for / 

> i 

> 

j 

and 

i + j 

> / + 1 

0 © 

2Ai 

© X2i 

for 

> i 

= 

j 

and 

2i < 

1 

0 © 

2Ai 

©2Az 

ioT 

> i 

= 

j 

and 

2i = 

1,1 + 1 

0 © 

2Ai 

© A2Z+l-2j 

ioT 1 

> i 

= 

j 

and 

2i > 

l + l. 


Notice first of all that a closed subset containing X 2 = 0 
will contain A, for all even i < /. In particular it must contain 
either Az _2 or Az_i, so it must contain 2A;, and therefore since 
this is a short corner it must contain 13. Thus we recover our 
promised assertion that even for Bi at level k = 2, a closed 
subset containing 6 contains (3 and therefore is of the from F z- 
Let F be a closed subset which is not of the form F^ or A^. We 
know that F cannot contain Ai, A 2 , \i or 2A;, or else it would be 
of the form F^, and F must contain something other than 0 and 
2Ai. So let j be the least j such that \j G F. Necessarily I > j > 
2. By the product rules above \j, \ 2 j, ... G Tz- Suppose m is 

the largest such that X^j G F. Then every summand of Xmj®Xj 
is in F. Clearly (m + l)j > I, and in fact (m + l)j >1 + 1, 
or else 2Xi G F. So we conclude that A 2 z+i-(m+i)j ^ h. Now 
mj < / < (m + l)j so 2/ +1 — (m + l)j is within j of mj. If they 
are not equal then Amj©A 2 z+i-(m+i)j contains A* where i is this 
difference, contradicting the minimality of j. Thus we conclude 
mj = 21 + 1 — {m + l)j, and F contains set (4) in the statement 
of the theorem, with n = 2m + 1. If it contained any A* not 
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in this set, there would be p such that \i — pi\ < j, and hence 
X\i-pj\ would be in the set, contradicting the minimality of j. 
For Cl there is nothing to prove since 6 is the only dull corner. 
For Di aX k = 2 the weights are Aj for 1 < i < /, 2Ai, 2Ai_i, 


A, 


©A;. By checking 
see 

which differences a 

Ai © A 3 

for z = 1 

0 © 2 Ai © A 4 

for z = 2 

Aj _2 © Aj +2 

for 2 < z < Z — 3 

+ 

© 

1 

for z = Z — 3 

, A;_4 © 2A; © 2Ai_i 

for z = Z — 2. 


Since 2Ai is in the range of k^ and hence invertible, it follows 
2Ai®6' = 6 . Since Ai( 8 )Ai contains 2Ai by Lemma[Tl we conclude 
2Ai®Ai = Ai so inductively 2Ai®Aj = Aj for z < / — 1. Similarly 

2\i®6 = A/_2, 

2A;_i®6* = A/_2, 

2A/®2Ai = 2A;_i, 

2A;_i®2Ai = 2A;. 

Since \i®9 contains Ai, it is clear that Ai®Ai contains 0, 0, 
and 2Ai, each with multiplicity one. Notice that by Equation 
0 , p is not a direct summand of A ®7 if the distance between A 
and p is more than 1 17 | | (this is argued explicitly in the proof of 
Lemma 2 of P ). Noting that 11 Ai 11 = 1 and computing 11A — Ai 11 
for A = Aj with 2 < z < Z — 1 and A = A;_i, Xi, (Ai_i + A;) we 
conclude 


Ai®Ai — 0 © 0 © 2Ai. 

It then follows recursively that 


Aj©Ai 

4 

Ai_i © Aj_|_i 

1 

© 

CO 

1 

-i + Xi) 

+ A;)©Ai 

= A; 

_2 © 2A/_i 

© 2A/, 

2Ai_i©Ai 

= A; 

+ 

1 


2Ai©Ai 

= A; 

-1 + A/. 



for 1 < z < Z — 2 
for z = Z — 2, 
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Finally, we get recursively from this 


Aj® Aj 


A®Aj 


( 


< 


V 



\-j © (A;_i + A;) 
Aj_j © 2A;_i © 2A; 

\-j © \ 2 i-i-j 


0 © 

2Ai 

© 

Xi+j 



0 © 

2Ai 

© 

(Az- 

1 

+ Az) 

0 © 

2Ai 

© 

2Az_ 

-1 

© 2Az 

0 © 

2Ai 

© 

X 21 - 

2i 


Az-1 

+ Az 

for 

X 

= 2A 

Xi-j 



for 

X 

= 2A 


for j 

< 

i < 

1 

— 1 and i + j < 1 

- 1 

for j 

< 

i < 

1 

— 1 and i + j = 1 

— 1 ,/ + 1 

for j 

< 

i < 

1 

— 1 and i + j = 1 


for / 

> 

i > 

j 

and i + j > / + 1 


for j 

= 

i < 

1 

— 1 and i + j < 1 

- 1 

for j 

= 

i < 

1 

— 1 and 2i = 1 — 

1 , / + 1 

for j 

= 

i < 

1 

— 1 and 2i = 1 


for j 

= 

i < 

1 

and 2i > 1 + 1, 


z-i or A 

, = 

-- 2Xi 

\ and j = 1 



;_i or A = 2A; and 1 < j < / — 1. 


Thus if the closed subset F contains Ai, A 2 , Ai_i, A; or A^-i+A/ 
it contains 9 and is of the form Tz- If it contains only a subset 
of 0, 2Ai, 2A;_i, and 2A; it is of the form A^. If F is not of the 
form F^ or then it must contain \j for some 2 < j < / — 1 , 
so suppose j is the least such. Then F contains Aj, \ 2 j,, Xmj, 
where m is the greatest such that mj <1 — 1. Again F must 
contain every summand of Then by the maximality of 

m we know (m+l)j > 1 — 2, and since F cannot contain A;_i + A; 
we know (m + l)j 7 ^ / — 1, / + 1. If (m + l)j = /, then F contains 
{0, 2Ai, Xj, X 2 j,..., Xmj, 2 X 1 - 1 , 2 X 1 }. If it contained any other A* 
for 2 < i < / —1 then there would be p with \i—pj\ < j, so X\i-pj\ 
would be in the set, contradicting the minimality of j. Since F 
cannot contain any other weights in the alcove, we conclude F 
is of the form of set (5) in the theorem, with m = n — 1. 

On the other hand if (m + l)j 7 ^ I, the {m + l)j > / + 1, 
and therefore A 2 z+i-(m+i)j- Of course 2/ + 1 — (m + l)j is a 
distance less than j from mj, so if the difference is nonzero then 
again we contradict the minimality of j. Therefore the distance 
between them is zero, so 2/ + 1 = (2m + l)j, and F contains 
{0, 2Ai, Xj, - ■ ■ , Xmj}. Again it cannot contain any other weight 
in the Weyl alcove without contradicting the minimality of j (if 
it contained 2Xi or 2Az_i it would contain Xi-j, which is distinct 
from Xmj but I — j is less than j away from mj) so F is set ( 6 ) 
in the theorem, with n = 2m + 1 . 

• For Eq, the weights of the Weyl alcove are 0, Ai, 2Ai, A 2 , A 3 , A 5 , 
As, 2A6, and Ai + Ae. A closed subset containing a dull corner 
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must contain a nontrivial weight of the form 0 + q;, but the only 
such weight is Ai + Ag, which is not a corner. 

• For i? 7 , the weights in the alcove are those in ki (0 and 2 A 7 ), 
the other corners (Ai = 9, A 2 and Ae) and one other (A 7 ). We 
have 

2 A 7®0 = Ag, 

6 »(g) 6 » = 0 © Ag, 

Ag©0 = ^ © 2 A 7 , 

\2®9 = Xj, 

A 7©0 = A 2 © A 7 , 

so 

Ag©Ag = 0 © Ag, 

A 2 ©Ag = A 7 , 

A 7 ©Ag = A 2 © A 7 . 

Since every weight in is self-dual, Xj^Xj consists of weights 
in the root lattice, and since we can read off from 

the previous equations 

A 7 ©A 7 = 0 © 0 © 2 A 7 © Ag, so 
A 2 ©A 7 = 0 © Ag and 
A 2 ©A 2 = 0 © 2 A 7 . 

Thus the smallest closed subset containing Ag is {0, Ag}, con¬ 
taining A 2 is {0, A 2 , 2 A 7 }, and containing any other nonnnit is a 
subset containing 9. 

• For Es, the only weights are 0, Ai and As = 9. As above we see 
that 9®9 = 0 © Ai, Ai© 6 * = 9, and hence Ai©Ai = 0. Thus Ai 
is invertible, {Ai,0} is a closed subset, and every other closed 
subset contains 9. 

• For F 4 and G 2 there is nothing to prove since the only elements 
are 0, 9, (3, and 2(3, where 2(3 is a short weight. 

3.3. If k = 3. Since now for all dnll corners we know A©Al contains 
something nontrivial in j3®j3, we may assnme onr closed set contains a 
corner which is of the form (3 + a for a short. 

In the nonsimply-laced case there are no snch corners, so we need 
only consider the simply-laced case. The only corners are fnndamental 
weights with (A*, 9) = 3 together with the range of ki. 
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• For Di there are no fundamental weights with {Xi,0) = 3, and 

the range of ki, (3Ai, and 3A;) contains nothing in the 

root lattice. 

• For Eq, neither 3Ai nor 3Xq is the sum of two roots, so only A 4 
is such a corner. Since A 4 ® 6 ' contains at least three summands, 
A 4 ®A 4 contains two distinct nontrivial summands of 6 ^6, so it 
must contain a noncorner. 

• For Ej, since 3 A 7 is not in the root lattice, only A 3 and A 5 
are such corners, and only A 3 among all corners is of the form 
9+a. Thus any closed subset containing a corner contains A3, so 
since X^^O contains at least three summands, A 3 ®A 3 contains 
two distinct nontrivial summands of 6 ^6, one of which must 
not be a corner. 

• For Es, Only A 2 and A 7 are corners, and neither is of the form 
6 T cv. 

3.4. If k = 4. Again we need consider only the simply-laced case, and 
we need only consider corners of the form 0 - 1 - 0 !, which means the corner 
26. Now in each case 9 = Xi for some i, so in addition to the weights in 
the chart, we have 29 — Oj is a summand of 20(8)0, so 20(8)20 contains 
two distinct nontrivial summands of 0 ( 8 ) 0 , one of which must not be a 
corner. 

3.5. Ifk > 4. For any dull corner A A( 8 )A* contains a nontrivial sum¬ 
mand of 0 ( 8 ) 0 , which cannot be a corner. □ 

4. Modular Categories and Closed Subsets of the Weyl 

Alcove 

As alluded to in the introduction, there is a well-dehned procedure 
for constructing a modular or spin modular category out a ribbon *- 
category (all of our ribbon categories inherit the ^-structure from the 
original ribbon category). These techniques were developed by Miiger 
[ 7 ] and Bruguieres [ 2 ]. 

First one should identify the subcategory of degenerate objects, which 
are simple objects (in our case irreducible representations) A such that 
i?A ,7 = every simple object 7 in the ribbon category, where R 

is the i?-morphism associated to a crossing. These come in two sorts, 
even or odd, according to whether the effect of the full twist Cx is 
multiplication by one or minus one. If all are even, one can quotient 
by them to get a modular category. If in addition they are all invert¬ 
ible and form a cyclic group, PI offers a detailed description of the 
invariant and TQFT in terms of the original category. If there are odd 
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degenerate objects, one can still quotient by the even degenerate ob¬ 
jects and the result is a spin-modular category which gives an invariant 
of spin three-manifolds PI. 

For the ribbon categories associated to the closed sets of the form 
Fz and Az |S] proves that all degenerate objects are invertible and 
identihes in which cases they are all odd. Below we identify for each 
exceptional closed category what the degenerate objects are, when they 
are even, when they are invertible, and when the resulting TQFT is 
equivalent to a nonexceptional TQFT. 

4.1. The case E 7 with {0, Ae}. Here A 6 ( 8 )A 6 = 0 © Ag. 

For By we have h = 18 so k -h h = 20. We have (Ag, Ag) = 4 and 
(Ag,p) = 26, so 

n — „27ri(4+2.26)/(2.20) _ „ 47 ri /5 
'-'Ae — ^ — e . 

Since this is not ±1 then Ag is not degenerate, so the set is in itself 
modular. 

Straightforward calculations show that this ribbon category is deter¬ 
mined up to isomorphism by the link invariant, which is in turn deter¬ 
mined by a skein relation, the same skein relation that determines the 
SO{3) theory at fc = 3, and thus this ribbon category is isomorphic to 
the S'0(3) level 3 category. 

4.2. The case E 7 with {0, A 2 , 2 A 7 }. Here A 2 ®A 2 = 0 © 2 A 7 and 
A 2 © 2 A 7 = A 2 . 

Again h + k = 20, (A 2 , A 2 ) = 7/2, (A 2 , p) = 49/2, ( 2 A 7 , 2 A 7 ) = 6 and 
( 2 A 7 , p) = 27 so 

n — „27ri(7/2+2-49/2)/(2-20) _ „ 57 ri /8 
'-'A 2 — ^ ^ 

C 2 A 7 = e2’^*(®+2'27)/(2'20) ^ 

Of course 

Rx2,2XtR2\t,\ 2 = Cx2Cx^C2x.j = -1 

SO neither 2 A 7 nor A 2 is degenerate and the theory is modular. Again 
direct calculation shows that this theory is isomorphic to the SU(2) 
theory at level k = 2 but this time with a nonstandard choice for 

gi/4 _ gism/s ('ggg jTTj). 

4.3. The case Eg with {0, Ai}. Here Ai©Ai = 0. 

For Eg h = 30 so k + h = 32. (Ai, Ai) = 4 and (Ai, p) = 46 so 

Cx^ = e2^h4+2-46)/(2.32) ^ 

This is an odd degenerate object and of course the ribbon category is 
isomorphic to that for SO{3) at fc = 2 . As argued in ^U], this gives the 
trivial invariant of spin three-manifolds. 
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4 . 4 . The case Bi with { 0 , 2 Ai, Aj, A2j,..., A(n-i)j/2} where 21 + 1 = nj. 

Here h = 2 / —1 so k+h = 2 / + 1. Also, (p, A*) = li—i^/2 and (A*, Aj) = i. 
Thus 

= g«(4+2(2Z-l))/(2i+l) ^ ^ 

and thus 

■^2Ai,Amj'^A„,j,2Ai ^ 

SO 2Ai is even degenerate. On the other hand 


SO 


^{m±p)j Xmj A. 

^2l + l — {m+p)j Xjfij X 


— 1 /O —1 

■P3 

— 1 1 
‘Pj 

— 1 /^—1 


^2Ai^\ .^X 


— g=F27rimpH/(2Z+l) 
_ ^-2mmpf /(21+1) 
_ g27rim^A/(2Z+l) 


This will be 1 for all p, and thus Xmj will be degenerate, exactly if m 
is a multiple of n/d, where d is the greatest common divisor of n and 
j. \{ m = rn/d then 


^ _ ^7vi(rrij—rn?j'^/{21+1)) ^'n:i{r{2l+l)/d—r‘^{2l+l)/d?) 

^mj 


Since ( 2 / + l)/d and ( 2 / + l)/d‘^ are both odd, this is one whether r is 
even or odd, and thus all such Xmj are even. Thus we get a modular 
category which is a quotient by the Z/2 action if m and j are relatively 
prime, and by the set of even simple degenerates 


{0, 2Ai, A(2Z+l)/d, A2(2Z+l)/d, • • • , A(d-l)(2Z+l)/(2d)} 

if (n, j) = d 7 ^ 1. Notice that when d 7 ^ 1 the set of simple degenerates 
does not form a group, which is to say that there are noninvertible de¬ 
generate objects. In fact one can check that the subcategory generated 
by these representations is isomorphic to the representation theory of 
the nonabelian group presented by {x, y\x‘^ = = {xyY = 1 ) (any 

eigenvector of xy generates a two-dimensional irreducible subrepresen¬ 
tation if the eigenvalue of xy is a nontrivial dth root of unity and a 
one-dimensional subrepresentation if the eigenvalue is 1 , recalling that 
d is necessarily odd. These two-dimensional representations are classi- 
hed by the eigenvalue of xy, and the one-dimensional by the eigenvalue 
of X.) For example, when I = 13 and j = 3, we have n = 9, d = 3, and 
the subcategory generated by 

{ 0 , 2 Ai, A3, Ae, Ag, A12} 


contains as its trivial subcategory 

{0, 2Ai, Ag} 
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where 2A2®2Ai = 0, 2Ai®A9 = Ag, and Ag^Ag = 0 © 2Ai © Ag. 

This is the first example of which the author is aware of a nonsym- 
metric ribbon category with noninvertible degenerate objects. Whether 
the resulting quotient gives a truly new TQFT is not clear, and in any 
case this example is worthy of further study. 


4.5. The case Di with {0, 2Ai, Aj, A 2 j,..., A(n-i)j, 2Ai_i, 2Ai} where 

1 = nj. Here h = 21 — 2 so k + h = 21, {p, A*) = i{2l — i — l)/2, and 
(Ai, A*) = i, so 

= g7ri(4+2-2.(2Z-2)/2)/(20 ^ 

^2A/ ^ ^ ? 

C2X^ 1 = e’"*(^('-h+2'2(i-l)(2Z-0/2)/(2/) ^ g7ri(i+l)^ 

— f,Tri{mj+2mj{2l-mj-l)/2)/{2l) _ f j{21)) 


= e 


so 2 Ai is even degenerate and 

R2\,\ Rt 2x C-} = 

Amjy2,Ai — Amj ’ 

R2X, AX Rx^ 2X =Cx, 07^0-.^ ^ ^^i(-ll2-mj-l) 

Xmj,2Xl-\ M-m] X^j 2A;_i ’ 

and 2\i, 2A;_i are thus degenerate exactly when j is even and 1/2 is 
odd. They are always odd degenerate. Also 


C 


I/O—1 Ts^'nira'pi^ jl 


Apj A^j 


c. 




y^mi At)i "> 


C2X,C7^ C7^ = CoC7^ C7^ = 


mj '^mj 


2^i-l Xmj ^l-mj 2-^1 A„,j \l_^j 

This will be 1 for all p, and thus Xmj will be degenerate, exactly when 
I is even, 1/2 is odd, and either m is an even multiple of n/d, where 
d is the greatest common divisor of n and j, or j is even and m is a 
multiple oil/d. If m = rn/d, then 

(J — g 7 ri(ri/d-r 2 i/( 2 ©)) 

^mj 

which is 1 if and only if r is even. 

Thus the set of simple degenerate elements consists of 

{0,2Ai} 

if (a) I is odd, or (b) I and 1/2 are even, or (c) I is even, 1/2 is odd and 
gcd(n, j) = 1. In this case the quotient is modular. 

The set of simple degenerate objects consists of 

{0, 2Ai, X2i/d, X4i/d ,..., X{d-i)i/d} 
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if I is even, j and 1/2 are odd and gcd(n, j) 7 ^ 1. In this case all the de¬ 
generate objects are even and the quotient is modular. The subcategory 
of degenerate objects is isomorphic to the category of representations 
of the group (x, y\x^ = = 1 ). 

The set of simple degenerate objects is 

{0,2Ai, Xi/d-, X2i/di ■ ■ ■ 1 X(d-i)i/d, 2A;_i, 2A;} 

if I and j are even and //2 is odd (here the set is understood to have 
just four elements if d = 1). In this case the odd multiples of l/d 
and the last two entries give odd degenerate objects. Notice the even 
degenerate objects are isomorphic to the category of representations of 
the group (t, y\x^ = y"^ = {xyY = !)• 


4.6. The case Di with {0, 2Ai, Aj, A 2 j,..., A(n-i)j/ 2 } where 21 = nj 
for n odd. Again 

= g«( 4 + 2 - 2 -( 2 /- 2 )/ 2)/(20 ^ 

(J — g7rh™i+2mi(2Z-mj-l)/2)/(2q _ 

■^mj 5 


so 2 Ai is still even degenerate and 


^{m±p)j Xvi X 


C, 


TJ 

— 1 r^—1 


C2X,C 


i _ 

\ 

'^mj ^mj '^mj '^mj 


C~^ c 

^l-(m+p)j \mj 

—1 /^—l _ /^—1 


_ ^-Kimpp 11 
— g-TTimpA/i 


This will be 1 for all p, and thus Xmj will be degenerate, exactly when 
m is a multiple of n/d, where d is the greatest common divisor of n 
and j. If m = rn/d, then 

^ _ ^i{2rl!d—2r^l!d?') 


which is always 1. Thus the set of simple degenerate objects is 


{0, 2Ai, Xi/d, X2i/d, ■ ■ ■, X(^d-i)i/d}, 

all degenerate objects are even, and again the category of even degen¬ 
erate objects is isomorphic to the representation category of the group 
{x, y\x^ = y"^ = {xyY = 1 ) • 


5. Tensor Closed Implies Closed 

The definition of closed involves two conditions: closed under the 
truncated tensor product and closed under duality. Under the sort of 
conditions found in the quantum group examples the first condition 
actually implies the second. In particular for any sum of weights in 
the Weyl alcove, the set of weights appearing as summands of tensor 
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powers of that sum is one of the closed subsets classihed above. This is 
of particular relevance to skein-theoretic and Young diagrammatic ap¬ 
proaches to the link invariants (see, e.g., Turaev and Wenzl |T21) where 
all the link information is recovered from cabling (i.e. tensor powers) 
of an invariant corresponding to one particular weight (corresponding 
to the fundamental representation). The approach to the proof of the 
following proposition was suggested to the author by A. Liakhovskaia. 

Proposition 1. If X is in the Weyl alcove then there is an n such that 
A®"' contains as a summand. 

Proof. We shall actually show there is an m such that A®'" contains 
the weight 0 as a summand: Of course n = m — 1 then suffices for the 
proposition. 

For any two elements of the Weyl alcove A and 7 let Fa ,7 be the value 
of the link invariant on the Hopf link with its two components labeled 
by A and 7 respectively. Recall from P that viewed as a |Ao|-by-|Ao| 
matrix S is nondegenerate, and that 

qdim(7)S'A,7 = ^a,o qdim(7)^ 

7eAo 7eAo 

Thus if *S'a®”i ,7 is nonzero A'^™' contains 0 as a summand. Thus it 
suffices to show S'a ®"*,7 is nonzero for some m. Dividing by qdim(A)'" 
we see 

(4) 

5'a®^ .y qdim( 7 )/ qdim(A)'" = [ 5 'a, 7 / qdim( 7 ) qdim(A)]'" qdim( 7 )^. 

7 7 

Now 

/iSAo 

qdim(/i), and 


so since qdim( 7 ) is positive, is a root of unity, and 

qdim(A) qdim( 7 ) = E ^a ,7 qdim(/i), 

Aq 

we see that |S'A, 7 /(qdim(A) qdim( 7 ))| < 1 , and S'A, 7 /(qdim(A) qdim( 7 )) 
is a root of unity when the absolute value equals one. 

The quantity in square brackets on the right-hand side of Equation 
Q has modulus < 1 for all values of 7 , and for at least one term in 
the sum (7 = 0) has modulus equal to 1. So for very large m this sum 
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is dominated by terms where the modulus is equal to 1. In each of 
these terms the quantity S\^^/ qdim( 7 ) qdim(A) is a root of unity, so 
for inhnitely many values of m the value of {Sx^^/ qdim( 7 ) qdim(A))’" 
is equal to 1 simultaneously for all of the values of 7 for which the 
ratio has modulus 1. Thus for sufficiently large m the sum must be 
positive. □ 
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